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Abstract. We theoretically examine the spin-transfer torque in the presence of spin-orbit 
interaction (SOI) at impurities in a ferromagnetic metal on the basis of linear response theory. 
We obtained, in addition to the usual spin-transfer torque, a new contributioin ~ Jsh'^^ 
the first order in SOI, where jgjj is the spin Hall current driven by an external electric field. 
This is a reaction to inverse spin Hall effect driven by spin motive force in a ferromagnet. 



1. Introduction 

Since the theoretical proposal by Slonczewski [T] and Berger [2] of the current-induced 
magnetization reversal in nanopillars and subsequent experimental realizations, the spin current 
has been recognized to be useful in manipulating magnetization in tiny magnets. An important 
concept is the spin-transfer torque that the spin current exerts on magnetization. For a smooth 
spin texture n, it is expressed as (7i/2e) j's • Vn JSj S]. Here e > is the elementary charge, 
js = (TgE is the spin-current density driven by an applied electric field E, and Us = (T| — ai is 
the "spin conductivity" with (a^) being the diagonal conductivity for majority-spin (minority- 
spin) electrons. 

Recently, we theoretically studied the spin Hall current [3] in a ferromagnetic conductor in 
the presence of spin texture n and SOI at impurities [B]. It was shown that an electric field 
E also induces a spin Hall current, jfgy = cr^-^n x E, where (Tg^ = + is the spin Hall 

conductivity with a^-^ (^h;) being Hall conductivity for majority-spin (minority-spin) electrons 
[7]. The total spin current is thus given by 

Js = js + j'sH = ^sE + o-gjjn X E. (1) 

Naturally, this spin Hall current (jfgjj) is expected to contribute to the spin-transfer torque as 



*d = ^(js+jsH)-Vn. 



(2) 



The spin Hall conductivity cTg^ in Eq. ([T]) is given by the correlation function between spin 
current and charge current, and its reciprocal effect (in the sense of Onsager) described by 
the same function is the inverse spin Hall effect which is driven by spin motive force (SMF) 
[aHlinillllllllinilll] or a spin-dependent effective electric field -Eg [121 [l3] , and induces a 
charge current 

J = asEs + CTgjjn X E^. (3) 

Such a spin-dependent field is known to arise from the dynamics of textured magnetization, 
and is given by Eg^i = [fi/2e) n ■ {diti x n). The first term of Eq.(I3|) is actually the reciprocal 
effect of the ordinary spin-transfer effect (first term of Eq. ^ ) [T2] . 

The purpose of this paper is to derive the second term of Eq. ^ microscopically and clarify 
the relation to the corresponding SMF (second term of Eq. Q), both of which arise in the 
presence of SOI. 



2. Model and Calculation 

We consider the s-d model with conducting s electrons and localized d spins, n, which are coupled 
via the s-d exchange interaction, —Mn ■ a. The s electrons are subjected to impurity potential 
Mmp(^) = u Ylii ^{f ~ -^)) where u and Ri are the strength and position of the impurity, as well 
as SOI, ~ iXso^ ■ (V X V\yap)i at impurities [6]. In order to treat electrons in a spin texture, 
we perform a local transformation in electron spin space and take the spin quantization axis to 
be the d-spin direction n at each point of space and time [15t [T6| 117] . The Lagrangian in the 
rotated frame is given by [18] 



d fi^ 



aix), (4) 



^so = Xsoje^jo. J dr (5,yi^p(r))7^"^(x)jf (x), (5) 
H,^A= f dr~jf{x)Af{x). (6) 



Here 0^(3;) = (a|(x), a|(2;)) is the electron creation operator at x = {r,t) in the rotated 
frame, (t"'s are Pauli matrices, ep is the Fermi energy, Ago is the strength of SOI, Eija is the 
complete antisymmetric tensor with Sxyz = !> 7?."^ = 2m°m^ — 5^^ is a 3 x 3 orthogonal 
matrix (with m = (sin(^/2) cos cj)^ sm{9/2) sin 0, cos(0/2)) for n = (sin 9 cos (f), sin 9 smcf), cos 0)), 
if = {h/2mi){a^ a'^dia — diO^a'^a) is the spin-current density operator and Af = (m x dim)'^ is 
the SU(2) gauge field. Repeated indices imply summation over i,j,a = x,y,z. 
In the s-d model, the spin torque is generally given by [19] 



tci(x) = Mnix) X 7^(x)(6■(x))ne, (7) 

where (cr(x))nc = (o^(x)<Ta(x))nc is the spin polarization of s electrons evaluated in an 
appropriate non-equilibrium state. For current-induced torques, it is calculated as a linear 
response to E as 

(.^(,))„e = lim Xr(.,^ + ^0)-xf(.,0) ^^^ 

a;— >0 lU! 

where xf (Q) ^) is the current-spin correlation function obtained, for example, through an analytic 
continuation from the Matsubara representation 



fl/T 

/ dTe'^^^{Tra^'{q,r)J,). (9) 
Jo 



Figure 1. Feynman diagrams for the coefficients, Xii of the spin torque induced by spin Hall 
current due to skew scattering. The thick (thin) solid line represents an electron line carrying 
Matsubara frequency iSn + iuj\ {iSn)- The dotted line (double dotted line with an open circle) 
represents potential (spin-orbit) scattering l^mp (-^so) by impurities. The gray circle represents 
the interaction with the SU(2) gauge field. The wavy line represents the rotation matrix 7^"^. 



Here T is the temperature, which will be eventually set to zero, lo\ = 2tt\T with A being an 
integer, and Jj is the current operator. 

In this paper, we focus on the skew-scattering process (in the terminology of anomalous Hall 
effect j20j ) and neglect the side-jump process. This corresponds to taking as the current operator 
Jj ~ Jj = —eY^j^{hki/m)a}j^ak neglecting the anomalous velocity term due to SOI. In the lowest 
order in Ago, the first contribution to xf comes from the third-order impurity scattering [21] and 
is first order in both Hso and He- a- The diagrammatic expressions are shown in Fig. 1. After 
some calculations, we obtain 

Xiiq,iuJx) = -ieniU^Xso-^eijx^nq^q,A''j{q') 

n cr 

where is the Fourier component of the spin texture n°'{r) (note that = 7^"^), a =| 
,1 corresponds, respectively, to cr = — 1 in the formula (and to a =1,] or — 1,-|-1), 
^i^u ^ _ ^t^z^uz^ ^1^^ ^ _^u^ ^-^^ ^xy ^ ^^^g defined = EkGt^G+^Gka, 

^2 = YjkGta^ka, = Efc ^'fccr' whcrc Gka{z) = (z - Efc + ^Fa + i7aSgn(Im2;))"^ and 

= Gkcr{i£n + i^\) are the impurity-averaged thermal Green's functions, with = 
epcr = sf + crM, = h/2Ta = TrriiU^Ua and fo- = {m/2^^'^h'^)^/2meF^/h. 

After analytic continuation, iujx —i- lo + iO, we evaluate as J3 = (cr/2M)37rn^Vo-, J2 = Svrn^^ 
and If = —mvcj (n^' = {2/?>)vae-p„) in the lowest order of 7o-/eFo- and ^ajM. Then we obtain 

Xr(q, ^ + iO) - xr(q, 0) = a^^ e,,x ^ ^f^i (qO, (H) 

q' 

where Cgjj = (T|'^°™ -|- cr^^™ is the spin Hall conductivity with 

skew \ /^cl ^2 ^ 

Thus the spin polarization is given by 



(12) 
(13) 



where J'gH(^) = '^SH^(^) ^ is the spin Hall current density [S]. Substituting Eq. (fTHl) into Eq. 
dZD and using the relation, TCii'd^^A^ = - (n x diuf /2 [IH], we obtain 

= ^jsH(^)-Vn"(x). (14) 

This is the desired spin-transfer torque due to spin Hall current. Combining with the ordinary 
spin-transfer torque, (7i/2e) jf's'Vn [1], and Eq. (jl4p . the total spin-transfer torque in a disordered 
ferromagnetic metal is given by Eq. ([2]) with Eq. ([T|) . 

3. Summary and discussion 

We have shown that the spin-transfer torque in the presence of SOI at impurities has a 
contribution from the spin Hall current, given by the second term of Eq.([2]). The result is 
consistent with the picture that it is a reciprocal effect to the corresponding SMF (second term 
of Eq. dS])), since both are characterized by the same coefficient Cgy. 

We have considered only the skew-scattering process, but not the side-jump process. 
Calculation of the latter process seems quite complicated and less straightforward compared 
to the former, in that the anomalous current is absent at the left (spin) vertex in the diagram, 
as opposed to the case of anomalous Hall conductivity. The whole calculation including the 
side-jump process will be reported in a future publication j22j. 
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